Let R be a ring with 1, M 2 (R) the ring of 2 × 2 matrices over R, and S the Sugano quaternion ring over R. Then, S is isomorphic with a subring of M 2 (R) if and only if 2 is not a zero divisor in R, and S ∼ = M 2 (R) if and only if 2 is invertible in R. Moreover, if 2 is invertible in R, then M 2 (R) is a Galois extension of R with an abelian inner Galois group G of order 4. This implies that the rings of 2 × 2 matrices over the real field and complex field are central Galois algebras induced by the central Galois algebra of 2 × 2 matrices over the rational field with Galois group G.
Introduction
Let R be the field of real numbers, and A the real quaternion ring as given in [5] with free generators, {1, i, j, k} over R such that i 2 = j 2 = k 2 = −1, ij = k, jk = −i, ki = j, ji = −k, kj = −i and ik = −j. It is well known that A is a central division algebra over R isomorphic with a subring of the ring of 2 × 2 matrices over the field of complex numbers. The real quaternion ring A has been widely used in the study of non-commutative rings. The purpose of the present paper is to study another kind of quaternion ring, the Sugano quaternion ring over a ring with 1. A ring S is called a Sugano quaternion ring with free generators {1, I, J, K} over a ring R such that for each r ∈ R, r1 = 1r, rI = Ir, rJ = Jr, rK = Kr,
We shall show that S is isomorphic with a subring of M 2 (R) if and only if 2 is not a zero divisor in R, and that S ∼ = M 2 (R) if and only if 2 is invertible in R. Moreover, observing that {1, I, J, K} are invertible in S, we have an inner automorphism group G of S induced by {1, I, J, K}:
Then G is an abelian group of order 4 and S G = R where S G is the subring of the elements fixed under each element in G. We shall show that if 2 is invertible in R, then S is a Galois extension of S G with Galois group G. In particular, S is a central Galois algebra over R if and only if R is a commutative ring with 2 invertible in R. Thus if 2 is invertible in R, then M 2 (R) is a Galois extension of R with Galois group G; and M 2 (R) is a central Galois algebra over R if and only if R is a commutative ring with 2 invertible in R. When R is either the real or complex field, M 2 (R) is a central Galois algebra over R induced by the central Galois algebra M 2 (Q) over the rational field Q with an isomorphism Galois group G.
Preliminary
Throughout the paper, let R be a ring with 1, M 2 (R) the ring of 2 × 2 matrices over R, and S = [1, I, J, K] the Sugano quaternion ring over R as defined in Section 1. As given in [1, 2, 3, 5] , let A be a ring with 1, G a finite automorphism group of A, and A G the subring of the elements fixed under each element in G. If there exist {x i , y i |i = 1, · · · , n, i x i g(y i ) = δ 1g } for some integer n, then A is call a Galois extension of A G with Galois group G, and {x i , y i |i = 1, · · · , n} is called a G-Galois system for A. In particular, if A G ⊂ C where C is the center of A, then the Galois extension A is called a Galois algebra, and if A G = C, then A is called the central Galois algebra.
The Sugano Quaternion Ring
In this section, keeping the definitions and notations in Section 2, we shall show that the Sugano quaternion ring S over a ring R is isomorphic with a subring of M 2 (R) if and only if 2 is not a zero divisor in R. We begin with some properties of S.
Lemma 3.1 Let C be the center of R. If 2 is not a zero divisor in R, then C is the center of S.
Proof. Let Z be the center of S. Then for an x ∈ S, x = a + bI Next we show an equivalent condition for the Sugano quaternion ring S isomorphic with M 2 (R).
Theorem 3.4 Let α be given in T heorem 3.3. Then, S ∼ = M 2 (R) by α if and only if 2 is invertible in R.
Proof. By T heorem 3. 
Noting that {α(x), α(y), α(z), α(w)} is an R-basis for M 2 (R) and α is R-linear, we conclude that α is onto if and only if 2 is invertible in R.

Corollary 3.5 Let R be a field. Then, S ∼ = M 2 (R) if and only if the characteristic of R is not 2.
Proof. This is immediate by T heorem 3.4.
The Galois Matrix Ring
Keeping the notations and definitions as given in Section 2, let S = R + RI + RJ + RK be the Sugano quaternion ring over a ring R and M 2 (R) the ring of 2 × 2 matrices over R. Observing I, J, and K are invertible in S, we have an inner automorphism group G of S induced by {1, I, J, K}. Denote G by {g 1 
Then G is an abelian group of order 4. We shall show that if 2 is invertible in R, then S is a Galois extension of R with Galois group G; and so M 2 (R) is also a Galois extension of R with an abelian Galois group of order 4. We begin with some properties of G.
Lemma 4.1 Let G be given above. Then G is an abelian group of order 4.
Proof.
It is straightforward to show that g 
Thus S is a Galois extension of S G with abelian inner Galois group G by Lemma 3.1. By Lemma 3.2, S G = R, so the proof is complete.
Next we show a sufficient condition for a Galois M 2 (R) with an abelian inner Galois group. In case R is commutative, we obtain an equivalent condition for a central Galois algebra M 2 (R). 
